The paper by H.W. Gould [1] explores the relationship between the binomial coefficients and the bracket function. In it Gould establishes expansions of the bracket function in terms of the binomial coefficients and vice versa. These expansions give a new insight to the known result: Theorem 
A necessary and sufficient condition for p >>, 2 to be prime & that .for every natural number n
where [x] denotes the greatest integer less than or equal to x.
This theorem is due to Pedro A. Piza and L. E. Clarke; see [1] for details. We note that this result also follows by summing on j in the known fact that The compositions of n into positive summands are the solutions to the equation
It is known that Eq. (2) has ,-I (k-l) solutions. We shall let
and
We begin by reproving the following known result:
Proof. We may now use this result to prove our next theorem.
functions such that F(n)= Theorem 4. 
But p divides (mPk) if 0 < mk < p, and this inequality is implied by 2 ~< k < p -1. Therefore, k l(mk/p)(Pk).
We will now show that
~R(j,k)A(n,j)=6~
and ~~A(j,k)R(n,j)=cS~.
j=k j=k
In a moment, we will show that indeed A(n,k) and R(n,k) are inverses. But first, we prove a theorem concerning A(n,k).
Proof. Here we make use of the relation We may show this as follows:
A similar argument proves the second part of our preceding statement. Next, we will now exhibit some explicit formulae for the pairs (f(n,k),g(n,k)) that satisfy the conditions of Theorem 2.
Theorem 6. Let f h(n,k) if kin, ~,-~ ( ~ ( h,n,d,R,d,k, and g(n,k)= [ O, otherwise, f(n,k)= din where h(n,k) is an arbitrary function of n and k. Then (f(n,k),g(n,k)) satisfies the conditions of Theorem 2.
Proof.
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by Theorem 4. But by [2, (3.121)], we have that
and, hence,
~-~(--1)i-k2n-2i(ik)(n;i)= ~ i=k i=k j=k
where we use the identity
From this, we see that
~-~(--1)i2n-2i(n i )(ik)=(-l)k,2k_k_l). i=k
We may generalize Theorem 7 to obtain the following result: Proof. 
j~=i(-1)J(;)(2n2j)(~)=(-1)i(7)2, we deduce that f(n,k)= (k)(2n-k) and 9(n,k,= ~-~[k] (7) 2 n i=k satisfy the conditions of Theorem 2.
For more such binomial identities, the reader may refer to [2, (3.120), (6.33), (3.179), (3.180), (3.160)-(3.162), (3.118), (3.155), (6.14)].
We point out that some of the above functions g(n,k) may be simplified further. 
= ~ -£ E e2nijn/k" j=l j=l
As an example, we shall consider the inversion pair More explicit formulae may also be obtained from the following general result.
(f(n'k)'g(n'k))=( (-1)k'~-~(-1)m[m](n+l))m=k

Theorem 12. Suppose v(n,i)= Z(-1)jf(n'J). and o(n,k)= Z j=i J k ~i <~n kli
Then (f(n, k ), g(n,k )) satisfies the conditions of Theorem 2. (-1 )iiv(n, i).
Proof. Once more, we make use of the relation n-1 
if kin, 0 ifkXn
We now turn to the second part of our investigation where we seek those inverse pairs (f(n,k),g(n,k)) that give rise to congruences similar to Theorem 1. We shall need the following two theorems due to Gould (see [1] ).
Theorem 14. The congruence R(n,k)-O(modk), k>~2
is true for all natural numbers n >1 k + 1 if and only if k is prime.
Theorem 15. The congruence A(n,k)=-O(modk), k >.2 is true for all natural numbers n >i k + 1 if and only if k is prime.
In order to detect primes, the following must hold.
Theorem 16. Let f(n,k) and 9(n,k) satisfy the conditions of Theorem 2, and let f(n,n) = 5= 1 for all n >. 1 or g(n,n)= d= 1 for all n >t 1. Then the integer k >>. 2 is prime if and only if for all n >1 1,f(n,k)-g(n,k)(modk).
Proof. Suppose k is prime. Then
by Theorem 14. Conversely, let k~>2 and f(n,k)=-g(n,k)(modk) for all n/> 1. Then k divides n " ~R " ~=k+lo(n,J) (j,k) for all n I> 1, which implies inductively that k divides g(n,j) R(j,k) for all j such that k+ 1 <.j<~n and n~> 1. In particular, k divides 9(n,n)R(n,k), which, ifo(n,n)= -4-1 for all n implies that k divides R(n,k) for all n t> 1 and k t> 2.
From which it follows that k is prime by Theorem 14.
From Theorem 8 it is easy to solve for f(n,k); thus
From this it follows that 
